Contact Interactions of Free Anyons 



s. voropaev 

Vernadsky Institute, Lab. Theoretical and Mathematical Physics, Russia 
Academy of Science, Kosygina St. - 19, Moscow 



"Free" ( non-scattered ) Schroedinger anyons are considered. It is shown that for 
this special type of contact interactions scattering does not arise. By formulating the 
problem for the two particles system with a finite region of interaction which is then 
allowed to go to zero, it is established that this type of the above interactions is analog of 
the anomalous magnetic moment for fermions in the Aharonov-Bohm field. Finally, we 
consider connections with the Dirac anyon physics and Chern-Simons soliton solutions. 
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We suppose that the main ideas of the anyons as quasi-particles with fractional spin 
in (2+1) space-time are known to the readers. In other case, let us recommend and 
as general introduction with exhaustive bibliography. Contact interactions of anyons 
as point particles are considered in the works || and || in particular. 

Really, we need for our consideration two facts only. Firstly, it is possible to describe 
anyon as a particle in an Aharonov-Bohm ( AB ) gauge field, which leads to the phase 
characterizing fractional statistics. Namely, we can analyze hamiltonian and wave function 
(h = c = 1) of the "free" point particle [|J (V(p) = 0, p > 0) either as 
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by means of a singular gauge transformation. Since the second hamiltonian is a separable 
operator, we can decompose the wave function ^(p) as usual 



+oo 



*(P)= E C m e im *R m {p) 
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so that the Schrodinger equation becomes 
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For two identical anyons (p, 0) are the relative coordinates ( in c.c.m. ) and a rotation of 
7i already leads to a physically indistinguishable state. So, we conclude that 



* (p,0 + 7t) = e i6 ^e(pA) 



and for radial wave function 



u m =| 2m \;v = 9/ix;Q <v <1 

7T 

analogous to the above consideration. 

Secondly, in 2+1 - dimensions the equation for a "free" point Dirac anyon H is 
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where 7 = a 1 , 7 1 



ia 2 ,7 2 
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(id -eA- M)# = 
-ia 1 with an Aharonov-Bohm type magnetic field 

-^8 l ^;B = e^d l Ai = F6(p) 
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The iteration of the Dirac equation provides 



[(-iV - eAf - eBp 1 = (E 2 - M 2 )^ 1 ; [(-iV - eA) 2 + eB)^ 2 = (E 2 - M 2 )^ 2 (10) 

These components are very similar to the above wave function with the natural relativistic 
generalization : E 2 — > E 2 — M 2 . But, this case of the minimal interaction is only a 
particular variant 9 = n/2 of all the possible self-adjoint extension of Dirac hamiltonian 
general parametrization (0 < 9 < Tr;eF > 0). For arbitrary 9, contact interacting 
Dirac anyons satisfy coupled Schrodinger equations in the interaction region. Finally, let 
us note that the correct consideration of the above problem requires a regulated contact 
interaction or extended quasi-particles ||. 

The main aim of this paper is the analysis of the possible contact interactions which 
provide a physical interesting behavior of anyons. One of them is the absence of self- 
scattering for one anyon and non-scattering on each other for two anyons, i.e. "soliton"- 
type behavior. Let us suppose that the interaction region is finite with radius R = Const 
in spite of the above consideration. We investigate here non-relativistic particles for 
simplicity, but generalization for Dirac anyons is direct because of the remark that the 
components ty 1 , \1/ 2 are decoupled outside the region of interaction. 

So, the possible wave function of anyon (5), (6) is 

+oo 

¥>\p) = A e imA *(-l) m [e' l ^ /2 J Vm {pp) + e +mVml2 J-uAvp)\ ,P>R (11) 

m=— co 

where 

A(p = (p-(j) ± ;(pp) = ppcos((p - (p ± ) (12) 
It is easy to show by means of the integral representation || 

V e im6 J m+u (z) = - e lzsin ^ / dxe~ lxsin{9) e ie J v {x) + J v+1 (x) (13) 
that ^ (>) (p) is 

= Asm(iris)-e i{m [°° dxe~ ixcos ^ le^ 1 '^ 2 H^Jx) - e +i ^e +i ™ /2 H^\x)\ 
2 Jo 1 J 

(14) 

Using the following representation Q 

POO Q 

/ dxe- ixy e +i ™ /2 H^\x) = - — - , . . sin[z/(7r/2 + arcsiny)], | v |< 1, | y |< 1 

jo (1 — y 2 ) 1 ' z sm(7rz/) 

(15) 

we obtain the wave function of anyon 

M/(»(p) = -^MJe^W^N (16) 

sin( Aral 
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for the angles region A0 7^ 0, it (| cos(A0) |< 1) and < A0 < 2tt. 

The analysis of the wave function for angles A0 = 0, ir is a more complex one. We 
mention shortly that expressions of the type 



J v (x) 



cos 2 
sin a; 



dx = (ooorO) 



(17) 



are ill defined . It prompts the idea that the wave function in this angle region is a 
generalized function analogous to the Dirac's 5- function. So, it is necessary to introduce 
some "classical" core for anyon. Finally, let us note that for the particular value v = 1/2 
("semion") and A(p = : ^^(p) = 0, i.e. complete reflection occurs at the origin. 

Analogous, the wave function of the two-anyons system ( in c.c.m. ) (9) may be 
represented as 



^(»(p) = A]Te 
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where p > R,v' m = 2m + 6/tt,A(B) = Const. This expression provides quite natural 
wave functions for the free two-particles system in (a) the bosonic limit [y = 9/n = 0): 



-A(l + B) 
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and (b) the fermionic limit [y = 9/tt = 1) : 
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On the other hand, ^f^(p) (18) may be transformed by means of the integral represen- 
tation 

' tx l tz 
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to the more appropriate form 
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which coincides with the above boson and fermion wave functions for the corresponding 
limit cases. 

Using the well-known "hard-core" requirement for the anyon interaction , we sup- 
pose that the "back-scattering" is equal to the "forward-scattering". So, we can conclude 
from the expression (23) that the wave function of the anyon before "scattering" is 

= Ce- i[ ^ + ( Et+A/2)] (25) 
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and after "scattering" it will be 

^(»'(p) = Ce +i[(pp)-(Et- A/2)] ( 26 ) 

Here we used the condition B 6 R for the "soliton"-type contact interaction. ( Let us 
note that this condition provides self- adjointness of the initial hamiltonian also ). It is 
easy to show that the phase shift A which appears after interaction of anyons with each 
other is determined by v and B 

tg(L\/2)=tg^u/2) l Y ^ (27) 

The physical interpretation of this result may be realised as a combined contact interaction 
of the two anyons which includes a statistic term, i.e. interaction of the Chern-Simons (CS) 
charge-flux, and term from the CS spin-flux interaction. So, using the general expression 
for the phase shift A (27) we can see that the boson ( fermion ) limit is possible now as 
when v — > 0(1) as when B — > 1(— 1). 

The remaining interesting problem for applications is the determination of the inter- 
action potential between two "free" anyons. It require methods of the inverse scattering 
in general. We submit here a more simple approach which is valid when (pR) — > only, 
i.e in the point quasi-particles limit. Then, we can approximate the above interaction 
potential by means of the Dirac's 5 - function, namely Vi nt ~ X8(p/R — 1). Using the 
well-known boundary condition following from the properties of 5 - function 

R m (l + 0) = R m (l - 0); ^(1 + 0) - ^(1 - 0) = XR m (l); x = p/R (28) 
it is easy to show from (18) that for the s-wave ( m = ) 

A = ^ + W)2 1^ (29) 

In continuation of the analogy with the particle in the AB field, we can add to the 
initial hamiltonian (1) or (4) the following term V$ n t = —po^^-^5(p — R) which describes 
the particle with anomalous magnetic moment ( AMM ) a e = [|J. So, when p = 
e/2M; eF/2ir = v we have for the attractive potential A = —[g/2}u = —\{g — 2)/2 + l}u 
and AMM will be determined by B 

a e = 9 — = -(pR/2r- Ta ~ U l (30) 
2 Ky 1 ' BT(l + v) K ' 

For fermion with AMM in the 5- shell AB magnetic field B = - 1 which coincides with 
the main result of ||. 

It is clear now that we have considered the non-relativistic limit of the Dirac equation 
with the non-minimal coupling by means of the Pauli term type. On the other hand, in 
the relativistic Abelian Chern-Simons theory with the Lagrange density 

L = \e a ^A a F M + {D^YiD^) - 1 | | 2 (| | 2 -v 2 f (31) 
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topological solitons/vortices with quantized flux and non-topological solitons with no 
quantized flux are possible || 

V 2 ln|0| 2 =-^|0| 2 (l-|0| 2 /^ 2 ) (32) 

The later are especially interesting for us because of the appropriate matter field distri- 
bution as in our 5- shell model 

| | 2 - p™~\ p -> 0; | | 2 - p~^ +1 \p - oo, (33) 

where a > N, N = 1, 2, ... is a soliton number. These solutions posses angular momentum 
J = kF/2(a — N) where F is CS flux. One may consider the motion of the non-topological 
solitons and derive an effective Lagrangian from the underlaying field theory. It is rea- 
sonable that as in topological soliton considerations |10| one finds a statistical interaction 
term with the value of the statistical factor in agreement with the generalized spin-statistic 
relation. So, it is possible that our consideration of the contact interaction of "free" anyons 
will provide a quantum version of the non-topological Abelian CS solitons. 
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